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ABSTRACT
Quantizing dissipative systems like damped harmonic oscillators remains an ongoing challenge in
theoretical physics due to their non-conservative nature. This study addresses this issue by employing the
method of doubling the degrees of freedom, transforming an open, dissipative system into a closed,
conservative one through the introduction of a time-reversed mirror system. The aim is to derive a
quantum model consistent with classical mechanics using the Hamilton-Jacobi formalism and to formulate
an equivalent Schrödinger equation. Through canonical transformations and analytical solutions, we
demonstrate that damping effectively vanishes in the quantum model. These results offer new insights
into  the  quantization  of  non-conservative  systems  and  contribute  to  the  advancement  of  quantum
open-system theory.
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INTRODUCTION
Damped mechanical systems are essential in both classical and quantum physics, especially in the context
of open quantum systems, yet they are notoriously difficult to quantize due to energy dissipation.
Traditional quantization frameworks assume conservation laws that do not hold in dissipative systems,
leading to inconsistencies or limited applicability. Bateman1 introduced a novel method that addresses
this challenge by coupling the original system to a mirror counterpart that evolves in reverse time. This
approach effectively conserves total energy, making canonical quantization viable. Over the years, this
methodology has been adopted and extended in various works, particularly in quantum dissipation and
thermo-field dynamics2-7.

By doubling the degrees of freedom, the system’s dissipative behavior is embedded within a larger
conservative  framework,  which  allows  the  use  of  Hamiltonian  mechanics  for  quantization.  The
Hamilton-Jacobi approach further provides a bridge between classical and quantum descriptions. Recent
studies have applied this technique in diverse areas such as thermal field theory, decoherence, and the
WKB approximation8-11.
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This study aims to explore the quantization of a damped harmonic oscillator using the degree-doubling
technique. Through detailed derivations and transformations, it shows how this framework leads to a
viable quantum model that excludes explicit damping terms and accurately reflects the physical behavior
of the original system.

Hamilton’s principle: The study begins by applying Hamilton’s principle10,11, which asserts that the actual
trajectory followed by a mechanical system between two points in time is the one that minimizes the
action, defined as the integral of the Lagrangian with respect to time. Mathematically, the action S is given
by:

(1)  
0

t
i i it

S(q ,t) L(q , q , t) dt

where, L represents the Lagrangian function of the system. To account for energy dissipation in the
system, the model introduces a mirrored coordinate, denoted as y, which evolves in reverse time and is
coupled with the original coordinate x. The modified Lagrangian accounts for both the original and
mirrored dynamics and includes a damping term characterized by a damping coefficient, gamma (γ). The
modified action integral becomes:

(2) 2S mxy m xy xy xy dt2
  

      
  

    

where, m is the mass of the oscillator and ω is the natural angular frequency. By applying the principle of
stationary action (δS = 0), we derive two coupled equations of motion:

(3)    mx x kx

(4)my y ky 0    

These equations represent the damped oscillator (x) and its time-reversed counterpart (y). To simplify the
analysis, we introduce two new generalized coordinates, defined as the symmetric and antisymmetric
combinations of x and y:

(5)   
1 x y
2

(6)   
1 x y
2

By substituting these variables into the Lagrangian, and obtain:

(7)     
             2 2 2 2m kL 2 2 2

From this, derives the corresponding Hamiltonian function, which governs the system’s total energy in
terms of the conjugate momenta pη and pξ:

(8)      2 2 2 21 k 1 kH p p2m 2 2m 2
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Where:
m = Mass of the oscillator
ω = Angular frequency
γ = Damping coefficient
ξ and η = Transformed coordinates
pξ and pη = Conjugate momenta associated with ξ and η, respectively

If uses the equations of transformation:

(9)
 


Sp

(10)
 


Sp

Then obtain the differential form of the Hamiltonian:

(11)    
            

2 2
2 21 S k 1 S kH 2m 2 2m 2

where, S is the Hamilton principal function.

The standard Hamilton-Jacobi equation for this Hamiltonian is given by:

(12)
 

SH 0t

By substituting Eq. 19 into Eq. 20:

(13)     
              

2 2
2 21 S k 1 S k S 02m 2 2m 2 t

Now can expand the variables in the usual way of separation used in the Hamilton-Jacobi equation by
assuming that S is the sum of three terms:

S (ξ, η, t) = Wξ+Wη-α3t (14)

Substituting Eq. 22 into Eq. 21, obtain the following differential equation for Wξ and Wη:

(15)
2 2

2 2
3

W W1 k 1 k 02m 2 2m 2
 

                                 

This equation can be correct if both of the terms on the left-hand side are equal to a constant, since they
are functions of different variables:

(16) 
       

2
2

1
W1 k

2m 2

(17) 
       

2
2

2
W1 k

2m 2
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where, α1, α2 and α3 are constants such that:

α3 = α1-α2 (18)

By integrating Eq. 24 and 25, obtain:

(19)

  
     

 

2 2
1 2 11

1 1

2m m mW 1 sin¯2 2 2

And:

(20)

  
     

 

2 2
2 2 12

2 2

2m m mW 1 sin¯2 2 2

Therefore:

(21)   
2 2 2 2

1 22 1 2 11 2
1 2

1 1 2 2

2m 2mm m m mS , , t 1 sin¯ 1 sin¯ t2 2 2 2 2 2
     

                
    

The coordinate transformation successfully decouples the original dissipative dynamics into a conservative
form. This allows for the application of canonical quantization, where classical momenta are replaced by
quantum mechanical operators. In this framework, the Hamiltonian operator acts on the wave function
Ψ, producing the Schrödinger equation:

(22)





i Ht

Here, £ is the reduced Planck constant, and   represents the Hamiltonian operator. The momentum
operators in the Schrödinger picture are defined as:

(23) p i /     

(24) p i /    

as the Schrödinger’s equation associated with this system, where H is the Hermitian operator associated
with the classical expression:

(25)     22 2 21 k kH p pm m2 2 2
1

2

Hence:

(26)
     

           
  

 
  


2 2 2

2 2
2 2

k ki t 2m 2 2

Write:

(27)  
iS

(x, t) e
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Then we have:

(28)
2 22 2

2 2
2 2

S S S Si 1 1 k k
t 2m 2m 2m 2

S
2

         
                    


 



If we assume that £÷0, which is the classical limit in quantum mechanics, then we see that:

(29)     
          


  

2 2
2 21 1 k k

t 2m 2 2
S

m 2
S S

More generally:

(30)  


   


H , , p ,pS 0t

which is just the Hamilton-Jacobi equation. Thus, in the classical limit £÷0 the Schrödinger equation is just
the Hamilton-Jacobi equation.

Returning to the Schrödinger equation:

(31)
     

            
 


 



 


2 2 2

2 2
2 2

k ki t 2m 2 2

and taking into account that:

(32) 
  





1 2i( )

t

Then have:

(33)
 


  




  

2
2

2 2
1

2
m 2mk

(34)
 


  




  

2
2

2 2
2

2
m 2mk

Substituting back in Eq. 27:

(35)       
                      

   

 
   

2 2 2
2 2

1 2 2 2 2 2
21 22m 2mmk mk k

2m 2m 2

Simplifying:

(36)       1 2 1
2 2 2

2
2k k

2 2                

and finally:

(37)          1 2 1 2
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Upon applying Schrödinger’s equation, it is found that the damping coefficient γ does not appear in the
final expressions for energy eigenstates or time evolution. This result confirms that, at the quantum level,
the dissipation is absorbed internally by the extended system via the auxiliary coordinate. Therefore, the
approach   of   doubling   the   degrees   of  freedom  provides  a  consistent  method  for  quantizing
non-conservative systems, such as damped harmonic oscillators.

CONCLUSION
This work demonstrates the effectiveness of the degree-doubling method in quantizing damped harmonic
oscillators. The main contributions include the reformulation of a dissipative system into a conservative
one and the validation of the method through canonical and Schrödinger quantization. While the model
assumes linear damping and ideal coupling, future research may explore non-linear systems and
environmental interactions. This framework could inform the quantization of broader classes of open
systems.

SIGNIFICANCE STATEMENT
This study discovered the effectiveness of the degree-doubling method in reformulating damped
harmonic oscillators as conservative systems suitable for quantization. This can be beneficial for advancing
quantum models of open, dissipative systems using canonical and Schrödinger frameworks. The approach
offers a consistent transition from classical to quantum descriptions by eliminating damping effects
through a mirror system. This study will help researchers to uncover the critical areas of quantum
dissipation and open-system dynamics that many were not able to explore. Thus, a new theory on open
quantum systems may be arrived at.
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